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. (Exercise 7 of Chapter 6 of [SS03]) The Beta function is defined for Re(a)) > 0
and Re(f) > 0 by

B(a,B) = /01(1 — t)* 1Pt

(a) Prove that B(a, ) = %.
(b) Show that B(a, 8) = [;° fissersdu.

[Hint: For part (a), note that
C(a)(B) = / / to s e 5 dtd s,
o Jo
and make the change of variables s = ur,t = u(1 —r).]

Solution. (a) Note that with the change of variables given in the hint: s = ur,t =
u(1—r), the new bounds are 0 < u < 00,0 < r < 1 and the change of variables

matrix is given by
g g r u d(s,t)
5 %) = L—r —ul’ |9(u,r)
Oou Or )
Applying this transformation to I'(«)['(3), we have
['(a)(B) = / / t s e dtds
o Jo
oo 1
:/ / (u(1 — )Y ur)? e "=y dudr
o Jo

1
:/0 e_“uo”rﬁ_ldu/o (l—r)a—lrﬁ—ldr
I'(a+ B)B(a, B)

as required.

(b) Note that by applying the change of variables s = 1 —t to the defining integral
for B, we see that

Bla, ) = /0 (1= )1t — /0 o=1(1 — $)P-1ds = B(B, ).
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Consider the change of variables u = — 1. The new bounds of integration
—s

are 0 < u < oo and note that

1 u 1
les= ds = ——du.
1—s Turr (u+1)2 N

u =

Applying this change of variables, we have

B(a, p) = /1 5971 —s)P s
0

oo U ol U p-1 1
_ / - LY
o \u+1 u+1 (u+1)2
</ w \*/ 1\
= / ——du
o \u+1 u+1 (u+1)2

as required.

<

2. (Exercise 11 of Chapter 6 of [SS03]) Let f(z) = e**¢~¢ where a > 0. Observe that
in the strip {x + iy : |y| < 7} the function f(x + iy) is exponentially decreasing as
|z| tends to infinity. Prove that

F(O)=T(a+i¢), forall¢eR.

Solution. As noted by some students, this question appears to have a few typos:
In order for the exponential decay of f to hold, the condition on y should instead

be |y| < g Additionally, the formula should be
f(¢O)=T(a—2mi¢), forall¢eR.
We proceed with the solution. Note that for |y| < g, cosy < 0, and so we see that

a:c+iay6—ez+iy azr

|f(z+iy)| = e = e%e Y 3 () exponentially as |z| — +oo0.

So we have that f € F,/,. By definition of the Fourier transform, and applying the
change of variables u = %, u~'du = dx, we have

A

f(C) _ /OO e e e—27rm:(dx

r a— 27rz( —e* dx

/ ut™ 27rzC oy ldu

/ u* I ey, = T(a — 27iC)
0

as required. <
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3. (Exercise 13 of Chapter 6 of [SS03]) Prove that

dzlogF -
=L Ghap

n=0

where s is a positive number. Show that if the left-hand side is interpreted as (I /T"),
then the above formula also holds for all complex numbers s with s £ 0, —1,—-2,....

Solution. We use the product formula for

1.7 of Chapter 6 of [SS03]), we have that

log I'(s) = log ( H (n+ s) )

1 00
) = e'yssn];[l <1 + %) e~*/™ (Theorem

= —’ys—logs—i—Z( +logn—log(n+s)>

1
where the right-hand side converges for any s € C\ {0,—1,—2,...} since o)
s
vanishes only at s € {0, —1,—2,...,}. Since we have uniform convergence on any
compact subset of C\ {0, —1,—2, ...}, we can differentiate term-by-term inside and
obtain
d I'(s) d /s
Elogf( 5) = (s) :E(—’ys—logs+;(E—i—logn—log(njts)))
I (1 1
—— 2 ()
Since the sum Z (— — ﬁ) is telescoping, we can show that it converges uniformly
and again we dlfferentiate term-by-term to obtain
d? I /1 1
1 ey -
ds? % (s) = d ( 7 s+;(n n+s))
I — 1
ERP P rE:
Y
- 2

— (n+s)

as required. <

4. (Exercise 15 of Chapter 6 of [SS03]) Prove that for Re(s) > 1,

1 00 l.sfl
Cs) = I'(s) /0 er — 1dI‘

[Hint: Write 1/(e” —1) = > e "]
n=0
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Solution. Following the hint, we have

then since for Re(s) > 1 the integral and sum are absolutely integrable and abso-
lutely convergent, we can apply Fubini’s theorem to interchange the order of the
sum and integral and obtain

o] J}S_l oo 0
dr = E e "5y
o e*—1 0
n=0
o0 0
:5 / e "ty Ly
n=0 0
o

—_ = —Y, 8., —5,,—1 —ld
;;/0 e Yyn" 'y  nn dy
— ¢(s) / ey ldy = ((s)T(s)

where we used the change of variables y = nx. <
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